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Colimit Decomposition Formula

D:D—Cat, d — Zq, (Kd : Id%K)d colimit, X : X—X
colim™ X 2 colim?€P (colim?? XKy).

K
Id—d>/C—X>X

Ky

colimXKy colimX

colimXKy
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Compare: Fubini Formula for iterated colimits

colim™ 7 X 2 colim’% (colim? X (i, —)).
Ki
J—=IxgJX>x

Ky

colimXK; colimX

colimXKj
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Questions

@ Are these just instances of “(co)limits commute with (co)limits”?

@ What about the dualized formulae?
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Questions

@ Are these just instances of “(co)limits commute with (co)limits”?
@ What about the dualized formulae?
@ |s the Fubini Formula an instance of the Decomposition Formula?

@ All this should not be new stuff: References?
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“Direct” proof of the Decomposition Formula: Proof 1

K . K
(1) Zg—2=K colimin Cat = Zy4 d

N

X

K colimin Cat/X
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“Direct” proof of the Decomposition Formula: Proof 1

K . K
(1) Zg—2=K colimin Cat = Zy4 d

N

X

K colimin Cat/X

(2) Cat/Xx — Diag(X) = Cat//X preserves colimits (does it?)
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“Direct” proof of the Decomposition Formula: Proof 1

(1) Id*>/C colim in Cat — Zg4

K colimin Cat/X

\/

2) Cat/X — Diag(X) = Cat//X preserves colimits (does it?)
(3) X cocomplete «— X — Diag(X’) has a left adjoint,

colim, which therefore preserves the colimit of (1)
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“Direct” proof of the Decomposition Formula: Proof 1

(1) Id*>/C colim in Cat — Zg4

K colimin Cat/X

\/

2) Cat/X — Diag(X) = Cat//X preserves colimits (does it?)
(3) X cocomplete «— X — Diag(X’) has a left adjoint,
colim, which therefore preserves the colimit of (1)
Conclusion:

Colimit Decomposition Formula holds in every cocomplete category X.
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We better check claim (2)! Preparation:

Diag(X) : (Fa): X—=Y T F J
[
N
X

Trivially: Cat/X — Diag(X’) preserves coproducts.
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We better check claim (2)! Preparation:

Diag(X) : (Fa): X—=Y T F J
[
N
X

Trivially: Cat/Xx — Diag(X') preserves coproducts. Coequalizers:

G

Suffices to show: VX, Y: K—X, v: XH—YH :
vF=vG = Jlp: X—Y (v =pH)

Since H is surjective on objects, there can be only at most one such p.
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We better check claim(2)! Finish:

For k = Hj, put px := vj; well-defined since vF = vG.
Show naturality in r = Hf, - ... - Hf> - Hfy : k—= K’ in K,
with f; : jy—ji(t =1,...,n)in J.
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We better check claim(2)! Finish:

For k = Hj, put px := vj; well-defined since vF = vG.

Show naturality in r = Hf, - ... - Hf> - Hfy : k—= K’ in K,

with f; : i —ji (t =1,...,n)in 7. Case n= 2 should suffice here.
Since k = Hjy, Hj; = Hpo, Hjp = K':

Xk = XHjy 20 XHj; = XHjp % XH, = XK/

Pk= L Vi Vit = l Yia Y l =pPi/

commutes — done!
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Connection with Fubini?

Given
D:D—Cat, (u:d—e)— (u:Zyg— Te),
form the Grothendieck category

g= Ly
deD

(u,p): (d,x)—(e,y)inGmeansu:d—einD, ¢ : ui(x)—yinZe
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Connection with Fubini?

Given
D:D—Cat, (u:d—e)— (u:Zyg— Te),
form the Grothendieck category

g= Ly
deD

(u,p): (d,x)—(e,y)inGmeansu:d—einD, ¢ : ui(x)—yinZe
Example:

D:7—Cat, i— 7. Then
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Generalized Fubini Formula

For D : D — Cat, the fibres of the opfibration G — D, (d, x) —d,
are (the images of)

Jo : Zg—=G, (¢ : x—=X') = (14, ) : (d,x) —(d, X)),

THEOREM

For Y : fo D— X, let the colimits Yd = colim®e YJy existin X, for all
objects d € D. Then the colimit of Y exists in X' if, and only if, the
colimit of Y : D — X exists, in which case the two colimits coincide:

colim/ Y 2 colim?<P (colim™ YJj).
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Fubini implies the Decomposition Formula: Proof 2

Given D : D — Cat, consider
Q: / D — colimD
with QJy = Ky (d € D):

Q:G—K, ((u,¢): (d,x) —(&,y)) = (Keyp : Kax = KethX —= Key).
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Fubini implies the Decomposition Formula: Proof 2

Given D : D — Cat, consider
Q: / D — colimD
with QJy = Ky (d € D):

Q:G—K, ((u,p): (d,x)—=(&,y)) = (Ke : Kyx = Keth X — Key).
PROPOSITION

Qs final, i.e., the categories k| Q (k € K) are connected.
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Fubini implies the Decomposition Formula: Proof 2

Given D : D — Cat, consider
Q:/ D — colimD

with QJy = Ky (d € D):
Q:G—K, ((u,9): (d,x)—(e,y)) = (Ko : KX = Kot X —= Key).

PROPOSITION

Qs final, i.e., the categories k| Q (k € K) are connected.

COROLLARY

For every X : K — X such that colim¥ XQ exists in X, also colim" X
exists, and the canonical colimXQ — colimX is an isomorphism.
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Observation: Diag(X') as a Grothendieck category!

x(5) . Cat® —CAT, (F: IT—J)— (F*: X9 — X%, Y s YF)

Diag(X /X( )

Py : Diag(X)—Cat, 7

Obtain the fibration
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Observation: Diag(X') as a Grothendieck category!

x(5) . Cat® —CAT, (F: IT—J)— (F*: X9 — X%, Y s YF)

Diag(X /X( )

Py : Diag(X)—Cat, 7

Obtain the fibration

F T
o=
N
X

Py opfibration <= VF:Z—7J 3IFRAF x5 —=Xx7T
— VF:IT—J, X:T—X: LangX exists
<= X cocomplete
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Observation: Diag(X') as a Grothendieck category!

x(5) . Cat® —CAT, (F: IT—J)— (F*: X9 — X%, Y s YF)

Diag(X /X( )

Py : Diag(X)—Cat, 7

Obtain the fibration

F T
o=
N
X

Py opfibration <= VF:Z—7J 3IFRAF x5 —=Xx7T
— VF:IT—J, X:T—X: LangX exists
<= X cocomplete

Colimits in Diag(X')?
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Lifting theorem for (co)limits along a bifibration

For a bifibration P : £ — 5 and any diagram category D,
let B and all fibres £(B) (B € B) be D-(co)complete.
Then £ is also D-(co)complete, and P preserves the D-(co)limits.
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Decomposition of Colimits & Fubini Formula

CT 2019

12/19



Lifting theorem for (co)limits along a bifibration

For a bifibration P : £ — 5 and any diagram category D,

let B and all fibres £(B) (B € B) be D-(co)complete.

Then £ is also D-(co)complete, and P preserves the D-(co)limits.
Construction:

Step 1: Given D : D— €&, form colimit (84 : PDd — B) in B.
Step 2: Form a cocartesian lifting ay : Dd — Ld of every Sg4.
Step 3: Form colimit (A\y : Ld — E) in the fibre £(B).

Conclusion: (Ag - g : Dd — E) is a colimit of D in £.
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Apply the lifting theorem to Py : Diag(X') — Cat

X cocomplete (so that Py is a bifibration), D : D — Diag(X)

u

al:—
Xy Xe

X

(u:d—e) — Iy

Ze
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Apply the lifting theorem to Py : Diag(X') — Cat

X cocomplete (so that Py is a bifibration), D : D — Diag(X)

u

al:—
Xy Xe
X

Step 1: Form colimit (Ky : Zy — K) in Cat.

(u:d—e) — Iy

Step 2: Form Ty Ka K
Kg:i—>
A Lg=Lang # Xy
X

Step 3: Form colimit (\g : Lg— X) in XX,

Le

Conclusion: (Ky, A\gKy - £q) : (Zg, Xg) —= (K, X) is a colimit in Diag(X).
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Generalized Colimit Decomposition Formula: Proof 3

THEOREM
For X cocomplete, D : D—Diag(X), d — (Xy : Zg— X'), one has
colim®X = colim?€P (colim®? Xy),

with (Ky : K —= Zg) colimit in Cat and X = colim?“"(Lank,Xy) in XX
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Generalized Colimit Decomposition Formula: Proof 3

THEOREM

For X cocomplete, D : D—Diag(X), d +— (X4 : Zy — X'), one has
colim®X = colim?€P (colim®? Xy),
with (Ky : K —= Zg) colimit in Cat and X = colim?“"(Lank,Xy) in XX

COROLLARY (Colimit Decomposition Formula)

For X cocomplete, D: D—Cat, d — Zy4, X : K— X, one has

colim™ X 2 colim?€P (colim?? XKy).

THM = COR: Show that X is a “joint left Kan extension” of (XKy)gep!
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Better late than never: Diag(X') is a 2-category!

\_/
\({F’,w}% / \O:
X Y

Py : Diag(X) — Cat is a 2-functor!
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Better late than never: Diag(X') is a 2-category!

Py : Diag(X) — Cat is a 2-functor!
Likewise for

P%, : Diag*(X) = (Diag(X°?))® —= Cat.
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2-fibrations: Hermida 1999, Buckley 2014

P : & —B 2-functor
C.f
1-cell f: D— E 2-cartesian : <—=  £(C, D) L><€(C E)

Pc,Dl lPC,E

B(PC. PD) 5, B(PC. PE)

pullback in Cat, for all C € £.
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2-fibrations: Hermida 1999, Buckley 2014

P : & —B 2-functor
C.f
1-cell f: D— E 2-cartesian : <—=  £(C, D) L><‘J(C E)

Pc,Dl lPC,E

B(PC. PD) 5, B(PC. PE)

pullback in Cat, for all C € £.

2-cello: f—Ff : D— E 2-cartesian: <= o cartesian w.r.t.
Pp e : £(D,E)—B(PD, PE).
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2-fibrations: Hermida 1999, Buckley 2014

P : & —B 2-functor
1-cell f: D— E 2-cartesian : <—=  £(C, D) E(C,E)

Pc,Dl lPC,E

B(PC, PD) = B(PC, PE)

£(C\f)

B(PC,PY)
pullback in Cat, for all C € £.

2-cello: f—=f :D—=E 2-cartesian: <= o cartesian w.r.t.

Pp e : £(D,E)—B(PD, PE).

P 2-fibration : <—

(a) every 1-cell has a 2-cartesian lifting;

(b) VD,E € &: Ppg:&(D,E)— B(PD, PE) is (ordinary) fibration;
(c) 2-cartesianness of 2-cells is preserved by horizontal composition.
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Setting the 2-categorical stage

P . £ —= B 2-opfibration : <= PP : £°°P — 3P 2-fipration.

THEOREM
(1) P : Diag™(X') — Cat is a 2-fibration (for all X).

(2) X is cocomplete =— Py : Diag(X') — Cat is a 2-opfibration.
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Current and future work

@ Applications of the ordinary formulae
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Current and future work

@ Applications of the ordinary formulae
@ 2-versions of Proofs 1,2, 3 ?

@ Enriched versions?

@ Higher dimensions?
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Questions?

THANKS
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